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Mathematics Extension 2

General Instructions Total Marks: 100

* Reading time: 5 minutes Section 1 (Pages 2 — 5) 10 Marks

»  Working time: 3 Hours

s Write using a black or blue pen »  Attempt Q1 -Q10

+ Board approved calculators may be « Allow about 15 minutes for this section
used

+ Laminated reference sheets are
provided .

* Answer multiple choice questions by Section 2 {Pages 5-13) 90 marks
compiletely colouring in the appropriate ¢ Attempt Q11 - Q16

circle on your multiple choice answer
sheet on the front page of your answer
booklet.

¢ Inquestions 11-16 start all questions
on a separate page in your answer
booklet and show all relevant
mathematical reasoning andfor
calculations.
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e Allow about 2 hours and 45 minutes for




Section 1 (10 marks)
Attempt Questions 1-10

Alow about 15 minutes for this section

Question 1

(1 N Ng)zow
2

(A) i (B) —i ©1 (D) -1

Question 2

Efﬁﬁ=z, z — i could be

(A) OA (B) OB (C) OC (D)OD
y
oB
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Question 3
The foci of the conic 25x% + 9y? = 225 are
(A) (+4,0) (B) (0,+4) (€) (£V34,0) (D) (0, +v3%)
Question 4

A conic has foci (+8,0)and directrices x = +5. Its intercepts with the coordinate axes are

@@V, ®0I)  ©(0) ooz
Question 5

Ifa, B,y and & are theroots of 3x* — 2x + 1 = 0, then a* + p* + y* + 6% =

(A)-1 (B) -4 (@) --3 (D) _.._;‘_

Examination continues on the following page
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Question 6

The graph of y = )_‘_(195 is sketched below:

yT

y = f(x) could be:
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Examination continues on the following page
3




Question 7

The area bounded by ¥ = x? + 1,x = 2 and y = 1 is to be rotated around the line y = 5.
_:\y /

The volume of the resulting solid using the method of cylindrical shells would be given by

AV =2m [Fx(x? + 1) .dx BV =2n[yy—1.dy

)V =2x foz(z - x)(4 —x?) .dx DYV =2n ff(z ~Jy=1)(5~-y).dy
Question 8

If f(x) is even and g(x) is odd, then f_aa flx)—glx).dx =

(A)0 B)2 [ fe).dx  (©)2f glx).dx D)2[° flx).dx
Question 9

A weight with a mass of 5 kilograms is attached by a taut string to the point P as shown.

If g = 9.8m/s? and the weight is rotating in a horizontal circle at a rate of 5 metres per
second, the angle a that the taut string makes with the vertical is
(A) 32932 (B) 7°16’ (C)57°28' (D) 82°44’

Examination continues on the following page
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Question 10

A rock is sinking in water. It experiences gravity, as well as resistance from the water
proportional to the cube of its velocity. Given that down is POSITIVE, its acceleration is
given by

Axi=kvi-g @B i=kvd+g Qi=—kvd3—g ODOYi=-kvi+yg

Section I (90 marks)

Attempt Questions 11-16

Allow about 2 hours and 45 minutes for this section

Start the answers to each question on a separate page in your answer booklet.

In Questions 11-16 your responses should include all relevant mathematical reasoning and/ or

calculations.
Question 11 (15 Marks) Marks
(@Ifz,=—1+iandz, =3 +1i

z
(i) Find Z—l in Cartesian form. 2

2

(i1) Express z, and z; in modulus/argument form. 2
(ii1) Hence find the exact value of sin % 1
(b) Sketch the region in the complex plane where |z — 2{ + 2| < 2 3

T 3n
and -~ T Argz < —.
2 4

Examination continues on the following page




Question 11 (continued)

(€) z4,Z, and z are complex numbers such that |z,| = |z3| = |23].

If on the diagram below, 04 = 21,@ =z,and OC = Z3,

y oA

eC

.B

(1) Find expressions for CA and CE in terms of Z1,Z, and z3.

(ii) Show that Arg (%) =2 Arg (—"—

(d) The polynomial equation 8x% + ax? + bx + 3 = 0 has a double root

at x = % and a single root at x = r. Find the values of a, b and r.

Question 12 (15 Marks)

(a) If a, B and y are the roots of 3x3 + 11x* + 11x — 5 = 0, form the

polynomial equation with roots a2, £2 and y2.

(b) Find

) 1

O J =
1

Giy f

aX
3+cosx

B

(ii1) f x sinx,dx
e ¢ S
@O D — @22

A,Band C.
—8x—11
(i1} Hence find f

(x—22(x+1) "

+ ¢ find the val f
w2 T nd the values o

Examination continues on the following page
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Question 13 (15 Marks)

(2) The graph of ¥ = h(x) is sketched below:

y
As yrhptote y=2
1 -
X
-5
1
Sketch on separate number planes from x = —=5to x = 5 in

your answer booklet:

@)y = hlx|
(i) y = (r(x))?
(iii) y = ™

(b) For the relation 3x% — 2xy + 3y* = 12

(1) Find all intercepts with the coordinate axes.

(i1) Find all turning points and points where the tangent to the graph is vertical.
(iii) Sketch the graph of 3x? — 2xy + 3y? = 12 showing all of these features.

Examination continues on the following page
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Question 14 (15 Marks) Marks
(a) A bend with horizontal radius 500 metres on a racetrack is banked at an angle of &

to the horizontal so that a motorbike travelling at 144 km/h experiences no

sideways friction. The motorbike does experience gravity and a normal force.

(See diagram). N
a
A 4
myg
(i) By resolving forces in the horizontal and vertical directions, show that the 3

track is banked at an angle of 18° to the horizontal to the nearest degree.

(Use g = 9.8 m/s?). (Note: Use a = 18° for the rest of this question).

(i1) If the combined weight of the motorbike and rider is 200 kilograms, find 3
the amount of lateral friction that the motorbike experiences when travelling
around the bend at 135 km/h.

(iii) The bend is engineered so that the coefficient of friction is 0.1 (that is, 3
friction can be up to 0.1 times the normal force before the motorbike starts

to slip). What is the fastest speed that the motorbike can travel before it starts

skidding outwards on this bend?

Examination continues on the following page




Question 14 (continued) Marks
) 2
(b) The tangent at the point P(x,, y1) to the hyperbola = %—2“ =1

intersects with the directrix at T (see diagram).

-
Il
@ | R

P(x1,y1)

S(ae,0)

If S(ae, 0) is the focus

x
(1} Show that the equation of the tangent at P is a_l - —==1 2

. . 2 DP(x1-ae)
(11) Show that the point T 18 | =, memmermee—=
e aey,

(iii) Show that ZPST = 90°. 3

Examination continues on the following page
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Question 15 (15 Marks)
(a) By taking slices perpendicular to the axis of rotation, find the volume
of the solid of revolution formed when the area enclosed by y = x* and

vy = 4x is rotated around the line y = 16.

(b) A piece of wood is shaped so that it is circular at one end with a radius
of Scm and elliptical at the other end with a semi major axis of CD = 5¢cm

and a semi minor axis of CU = 3cm (see diagram). The length of the piece

of wood AC 1s 10cm.

(1) If h is the distance AP or CR, explain why PQ = 25 — h? and find a
similar expression for the distance RS.
(11) By considering the volume of each trapezoidal slice, find the volume

of the piece of wood.

(¢) If I, = [# cot™x.dx
4

1) Show that [ =t
(i) Show tha n T ] n—2

(i1) Find /,

. . _ o0 _1yk-1_ 1

(1) Using Tlll_l;l;lo fn = 0, find Zk=1 ( 1) (2k—-1)
. ' 1 1 k-1 1

(ie. ’11_1)'120 1- stg—-t =1 (kal)')

Examination continues on the following page
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Question 15 (continued) Marks

2 2

x
(d) The point P (acos®, bsin®) lies on the ellipse oz -+ i—z = 1.

The normal at P is axsin® — bycos® = (a® — b*)sinBcos9.
(Do NOT prove this!!!)
The normal to the ellipse at P cuts the x axis at G. If S and S’ are the foci

of the ellipse (see diagram below)
]

S'(-ae,0)
®
(i) Show that the coordinates of G are (ae®c0s©,0) 1
(ii) Show that (PG)? = (1 — e%) X PS x PS’ 3

Examination continues on the following page
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Question 16 (15 marks) Marks
(a) A particle with mass 5 kilograms at A is attached to two strings of length

17 metres and 10 metres, which are both attached to a vertical pole at points

B and C respectively. The particle is rotating in a horizontal circle with radius

8 metres around point D on the pole. € is 9 metres directly below B and D is

6 metres directly below C. « and § are the semi-vertical angles of the two strings

(see diagram.)

(In this question use g = 9.8 m/s?)

BI

9m

(i) The only forces on the particle at A are gravity (g = 9.8m/s?) and the
tensions in the two strings. By resolving the forces on the particle at A in the
vertical and horizontal directions, show that

75T, + 51T, = 425g and

42512
8

4‘OT1 + 68T2 =

(i1) Find the speed below which the lower string (AC) will no longer be taut.
(iii) Find the speed above which the upper string (AB) will no longer be taut.

Examination continues on the following page
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Question 16 (continued)
{b) A 10 kilogram cannonball is launched at a speed of 40 m/s at an angle
of 30° up from the horizontal. It experiences gravity of 10g

2
in the vertical (y) direction and air resistance of :—2 in both the horizontal (x)

and vertical (y) directions. (Note: In this question use g = 9.8m/s?)
(1) By resolving forces in the vertical direction, show that

v2+320g

———) where v = v and find how high the
400+320g

y = —160In (

cannonball is when it reaches its maximum height.
(11) Find the TIME taken for the cannonball to reach its maximum height.
(1i1) By resolving forces in the horizontal direction, show that

v--wgﬁ-qw h = % and x = 320! (3t +1)
—3t+16\/§werev—xan X = n 16'\/§ .

(iv) Find the distance the cannonball has travelled horizontally before it reaches

its maximum height.

END OF EXAMINATION!!!
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